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Return-Limited Inductances: A Practical Approach to
On-Chip Inductance Extraction
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Abstract—Decreasing slew rates and efforts to reduce the re-
sistance–capacitance (RC) delays of on-chip interconnect through
design and technology have resulted in the growing importance
of inductance in analyzing interconnect response for timing and
noise analysis. In this paper, we consider a practical approach for
extracting approximate inductances of on-chip interconnect. This
approach, which we call the method of return-limited inductances,
is based on performing the inductance modeling of signal lines and
power-ground lines independently and on taking advantage of the
power and ground distribution of the chip to localize inductive cou-
pling. A set of simple geometry-based matrix decomposition rules
guide sparsification in these extractions.

Index Terms—Inductance, parasitic extraction, signal integrity.

I. INTRODUCTION

W ITH TECHNOLOGY scaling, chips consist of more
interconnect wires of smaller cross sections packed

closer together. As a result, resistance–capacitance (RC)
delays have become an important performance limitation,
and capacitive coupling is becoming a significant source of
on-chip noise. These trends have resulted in significant effort
to model and extract interconnect as coupledRCnetworks [1].
At the same time, increasing chip densities have put a much
heavier burden on the power and ground distribution to carry
current to switching circuits, and the delta-I noise caused by
the transient demands of switching circuits are becoming ever
more problematic [2].

Much practical effort is being focused on reducing the resis-
tance and capacitance of interconnect through technology and
design. Next-generation technologies can be expected to make
increasing use of low-resistivity metals (copper) and low-dielec-
tric-constant insulators. Designers routinely apply wide, thick
upper-level metal for power and ground distribution and for long
signal runs to reduce resistance. The inductance of the on-chip
power and ground lines along with the package inductance and
on- and off-chip decoupling capacitance have become important
in determining the power supply integrity. At the same time, in-
ductance and inductive coupling have become important in the
timing and noise analysis of signal lines in three important ways.

• Inductance must be included to accurately predict rise and
fall times and delays in timing analysis. Without consid-
ering inductance, one might believe that one can reduce
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the propagation delay of a wire indefinitely by lowering its
associatedRCdelay, when there is actually a lower bound
on this response given by the speed of light in the inter-
connect dielectric (66 ps/cm in silicon dioxide).

• If an inductive net is overdriven, an under damped ringing
response can be observed. This can happen easily if con-
sideration is not taken of the inductive properties of a line
and the driver is tuned to a capacitive load to achieve an
aggressive slew. Ringing noise, which is worst under fast
process, low temperature, and high-supply voltage con-
ditions, can potentially result in functional failure in re-
ceiving circuits.

• Inductive coupling, along with capacitive coupling, can
be a significant source of noise on quiet nets due to the
switching of nearby perpetrators [3].

To ascertain if inductance is significant in determining the
electrical response of a given on-chip signal line, one must com-
pare the characteristic impedance of the line, its resistive loss,
and the effective strength of the driver. We know that for the
case of quasi-TEM propagation in a lossy transmission line, in-
ductance is important if [4]

(1)

where
is the driver’s effective resistance;
is the line’s total resistance;
is the line’s characteristic impedance

and are the inductance and capacitance per unit length.
While (1) is not directly applicable to the very nonuniform trans-
mission line properties that can characterize on-chip intercon-
nects [5], [6], it does explain qualitatively why inductance is
becoming important for an increasing number of nets on chip.

is driven lower by the use of thick, upper-level intercon-
nect and copper wires. is generally increasing due to lower
wire capacitances. is decreasing because of more ag-
gressive slew times to match increasing clock frequencies.

Printed-circuit board (PCB) and package designers have long
worried about return paths and inductance and included explicit
ground and supply planes to control signal-line impedance.
Because inductance has not been of concern until recently for
on-chip wires in digital applications, designers have largely
viewed on-chip signal wires on these chips as single-ended
distributedRC lines without concern for current returns. Power
and ground distributions have been designed independently
to meet power-supply integrity requirements. The growing
importance of inductance in high-frequency digital circuits,
however, breaks this division, and the design of the power and
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Fig. 1. Typical on-chip power and ground distributions. (a) Grid-based design
common to most digital integrated circuits. (b) Power and supply plane design
used on the Digital Alpha 21264.

ground distribution has important effects on the response of
inductive signal lines in these chips [7].

II. BACKGROUND

The complicated interconnect geometries of digital integrated
circuits (IC’s), in general, require frequency-dependent resis-
tances and inductances to describe their electrical response. This
frequency dependence comes from two effects. The first is the
skin and proximity effectin each conductor, which causes the
crowding of time-varying currents near the surfaces of conduc-
tors with increasing frequency. Frequency-dependence also re-
sults from the dependence of the current distribution which char-
acterizes the return path on frequency. At low frequencies, cur-
rent returns favor low-resistance paths, sometimes very far from
the driven wire or through the package. At high frequencies, cur-
rent returns favor the lower-inductance paths, usually the closest
power or ground line, but sometimes a neighboring signal line
or collection of signal lines. While power and ground lines are
always-available paths for high-frequency current returns in dig-
ital CMOS integrated circuits (assuming good power-ground
design and adequate decoupling), when signal lines constitute
part of the return path, they usually do so in a way that depends,
in part, on the switched state of driving and receiving circuits.
Displacement currents capacitively coupled into the (resistive)
substrate find their way onto power and ground lines based on
the proximity of substrate and nwell plugs.

The conventional approach to power and supply design is to
create an on-chip grid as shown in Fig. 1(a), [8]. The inductance
of critical nets, such as clocks, can be controlled by routing them
close to the power and ground lines of the grid [7], [9]–[11]. To
provide even more control and predictability in signal-line and
power-ground inductance, the Digital Alpha 21264 design de-
voted two metal layers exclusively for the distribution of power
and ground [12] as shown in Fig. 1(b). Openings are made in
these ground and supply planes to via though signal line con-
nections in a manner similar to PCB design. This approach is
generally considered to be very expensive because wiring re-
sources are always scarce in very large scale integration (VLSI)
chips. Therefore, the grid design is preferable.

To allow equivalent circuits to be developed in complex inte-
grated circuit environments in which return paths are not known,
the concept of partial inductances is traditionally used. The par-
tial inductance technique, which assigns portions of the loop
inductance to segments along the loop, appeared in work by
Rosa in the early 1900’s [13]. The book by Grover [14] pro-
vides a comprehensive tabulation of formulas for partial induc-
tances and partial mutual inductances for different geometries.
Applying partial inductances to the modeling of complex multi-
conductor geometries was formalized by Ruehli with the devel-
opment of partial-element equivalent circuits (PEEC) [15]–[17].
Because partial inductances obey the same branch constitutive
relations as closed-loop inductances, they can be conveniently
applied in the context of modified nodal analysis (MNA) and
used internally in circuit simulators such as SPICE. The linear
state-space representations that result from MNA are also the
starting point for reduced-order modeling techniques for linear
interconnect [18]–[20]. The partial-inductance technique can
even be used to model the skin effect by dividing a conductor
up into multiple longitudinal filaments [21]–[23].

In the partial inductance approach, the signal lines and supply
and ground lines are treated equivalently, resulting in a large,
densely coupled network representation. One approach to make
the inductance matrix sparse is simply to discard those terms of
the inductance matrix which are below a certain threshold. This
approach, however, does not guarantee the positive semidef-
initeness of the resulting inductance matrix. In particular, by
truncation, it is possible to have mutual inductive coupling be-
tween two segments through intermediate segments that are not
directly coupled to each other. Reference [24] shows an example
of an instability created by a truncated nonpositive-definite in-
ductance matrix. As an alternative to simple truncation, another
proposal [25], [26] to render the inductance matrix sparse is to
associate with every segment a distributed current return out to
a shell away. Segments spaced more thanapart have no in-
ductive coupling. The shell technique has also formed the basis
for approximate loop-inductance bounds [27]. The value of
that must be used to achieve a desired accuracy depends on the
interconnect topology, the connectivity of the nets in question,
and the particular net or coupling being considered. This leads
to complicated schemes in which the value ofis dynamically
chosen based on accuracy in a particular transfer function [24]
calculation. Moreover, this approach does not work well for long
wires broken into many segments. For a value ofsufficiently
small to render coupling in the transverse direction sparse, cor-
rectly modeling the loop inductance of these wires may require
including mutual inductances between collinear segments more
than away.

III. RETURN-LIMITED INDUCTANCE EXTRACTION

In this paper, we present an approximate inductance extrac-
tion technique which guarantees a positive-semidefinite induc-
tance matrix for the on-chip signal lines, while rendering the
inductance network sparse in two important ways.

• The inductance of the signal lines are extracted indepen-
dently from the power and ground wires; therefore, there
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are no explicit mutual inductances between power and
ground lines and signal lines. This technique is consistent
with the traditional approach in digital IC design of per-
forming independent signal and power-grid analysis and
takes advantage of the known availability of power and
ground as high-frequency current returns.

• Mutual inductances between signal lines are further re-
stricted by a set of simple geometry-based decomposition
rules, which we refer to as halo rules.

The technique, which we callreturn-limited inductance extrac-
tion, can be applied to complex geometries with the same gen-
erality as a partial inductance formulation. The cost of this sim-
plification is some loss of accuracy in the inductance calculation
which can be easily tolerated within the performance and noise
margins typical of digital IC’s. Throughout this paper, the accu-
racy of this technique for different geometries is clarified with
many comparisons to the results of detailed extraction using
Fasthenry [22], [23].

In subsequent discussions, we assume that the geometries on
the chip are Manhattan; that is, all edges of all shapes are either
horizontal or vertical and these two directions are orthogonal.
While this is not a necessary condition, it simplifies the imple-
mentation and is satisfied by nearly all VLSI interconnect lay-
outs. Geometries which are not Manhattan can be approximated
by “staircase” constructions. We introduce an orthogonal coor-
dinate system in which horizontal refers to thedirection and
vertical refers to the direction. The direction is perpendic-
ular to the surface of the chip.

We begin with a few definitions. A wiresegmentis a rectan-
gular parallelepiped defined by coordinates
and . A horizontal segmentis one in which
the current flow is known to be horizontal (i.e., in thedirec-
tion), while avertical segmentis one in which the current is
known to be vertical (i.e., in thedirection). Moreover, amixed
segmentis one in which the current direction is not consistently
horizontal or vertical. The halo of a segment consists of the six
semiinfinite subregions shown in Fig. 2. Thehorizontal halo
consists only of regions , , , and , while thevertical
halo consists only of regions , , , and .

The halo rules as applied to signal-line extraction are given
as follows.

• Horizontal and vertical signal line segments are treated
independently since they do not inductively couple to each
other. Segments with horizontal currents can only couple
inductively with other segments with horizontal currents.
Similarly, vertical segments can only couple inductively
with other vertical segments.1

• Horizontal halos of power and ground are “blocked” by
horizontal signal segments while vertical halos of power
and ground are “blocked” by vertical signal segments. If
the halos are viewed as columnated beams emanating or-
thogonally from each face of a segment, then blocking oc-
curs whenever these beams are interrupted by another seg-
ment. Fig. 3(a) shows the portion of the vertical halo

1This means that the extraction can really proceed in two separate “passes”:
one to extract the horizontal segments and one to extract the vertical segments.

Fig. 2. Thehalo of a given segment consists of six semiinfinite regions. The
horizontal haloconsists only of regionsR ,R ,R , andR , while thevertical
halo consists only of regionsR , R , R , andR .

(a)

(b)

Fig. 3. Properties ofhalos. (a) TheR portion of the vertical halo (the
y-direction is chosen to be into the plane of the paper) of a ground segment is
blocked by the segment of a neighboring signal wireA. (b) The halos of three
ground lines define two vertical interaction regions, labeledI andII . Region
I contains signal segmentsA andB, while regionII contains signal segments
C andD. Note thatA andB inductively couple, for example, because it is
possible to connect them by a path (shown as a dotted line) which does not
cross a halo.A andC, however, do not couple because all paths between them
must cross either halo regionR or R of gnd2. Some of the halo regions of
each ground line are blocked by a signal segment.
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of a ground segment blocked by the segment of a neigh-
boring signal wire .

• Inductive coupling between two horizontal segments is
nonzero if and only if it is possible to connect two seg-
ments by a path which does not cross the horizontal halo
of any ground or supply line. Similarly, inductive coupling
between two vertical segments is nonzero if and only if it
is possible to connect two segments by a path which does
not cross the vertical halo of any supply or ground line.2

In Fig. 3(b), signal segments and inductively couple,
for example, because it is possible to connect them by a
path (shown as a dotted line) which does not cross a halo.

and , however, do not couple because all paths [such
as the one shown as the dotted line in Fig. 3(b)] between
them must cross either halo region or of .

These halo rules divide the chip interconnect into a collec-
tion of disjoint horizontal interaction regionsdefined by
the nonblocked horizontal halos of the power and ground
distribution. Horizontal segments must be contained within the
samehorizontal interaction regionto inductively couple. Inde-
pendently, the chip is also divided into a collection of disjoint
vertical interaction regions defined by the nonblocked vertical
halos of the power and ground distribution. Similarly, vertical
segments must be contained within the samevertical interac-
tion region to inductively couple. For example, in Fig. 3(b),
the halo rules result in the definition of two vertical interaction
regions, labeled and . Region contains signal segments
and , while region contains signal segmentsand . For
a given segment, using the halos ofsamedirection power or
ground to define an interaction region is equivalent to assuming
that current returns are zero beyond the nearest same-direction
power or ground lines. Since power and ground lines are always
available as current returns, this assures that every signal line
has an associated fail-safe current return. Allowing other same
direction segments to block the halos recognizes the fact that
coupling to these signal lines allows segments on either side
of the overlapped ground or supply line to interact. Defining
interaction region boundaries with the halos of orthogonally
directed power or ground depends primarily on the ability with
this localization to preserve enough inductive coupling between
collinear segments to accurately predict the inductance of long
wires. We will discuss the limitations of this approach later in
this section.

In Fig. 4, we consider the halo rules as applied to a more
complex three-dimensional (3-D) interconnect topologies in a
five-layer-metal process (layers labeled from the top—M5, M4,
M3, M2, and M1). In this example, we arelooking down on
a wire topology in layers M3, M4, and M5. The M4 and M5
shapes are all associated with power or ground. Two signal lines
are routed on M3. The interaction region shown in cross-hatch
acts as a vertical interaction region for signal segments 1 through
4. Note that segments 1 and 4 couple (and, therefore, belong to
the same vertical interaction region), for example, because the
vertical halo of the intervening ground line is blocked.

2Since when doing vertical signal line extraction, for example, we only need
to consider vertical halos of ground or supply lines and these halos can only be
blocked by vertical signal segments, horizontal (or mixed) signal segments do
not have to be considered at all.

Fig. 4. Application of halo rules in three dimensions. All of the M4 and
M5 shapes correspond to power and ground lines, while two signal lines
are routed on M3. Cross-hatching denotes the vertical interaction region by
which segments 1-4 interact. All of the fractures necessary for the signal line
extraction are shown. All of the power-ground line segments are labeled as
G –G . Segment 1 forms return-limited loop inductances withG , G , and
G . Segment 2 forms return-limited loop inductances withG , G , andG .
Segments 3 and 4 form return-limited loop inductances withG ,G , andG .
Segment 6 forms return-limited loop inductances withG andG , while
segment 5 forms return-limited loop inductances withG andG .

Fig. 5. Static fracturing and direction setting. Shaded interconnect is on
metal-2 while the remaining interconnect is on metal-1. Vias connect rectangle
A on metal-1 with rectangleK on metal-2. Segments with an unambiguously
defined horizontal or vertical current flow are noted with arrows. SegmentsB

andC are external contacts.

After the interaction regions are defined, extraction begins
by fracturing each wire into a set of segments. Fracturing is
itself a two-stage process—static fracturing to establish rectan-
gular segments and current direction, followed by dynamic frac-
turing to define the geometries for inductance extraction. The
static fracturing approach employed is very similar to that of
the INDEX [28] extractor. If a given rectangle has two edges
that are contacted by a neighbor, we determine if the current
flow through the segment is horizontal, vertical, or mixed. An
example is shown in Fig. 5. In particular, if the contacted edges
are the top and bottom, then the current flow is vertical (as for
segments F and G) while if the contacted edges are left and right,
then the current flow is horizontal (as for segments H, I, J, and
L). In other cases, the current flow direction is mixed, as for
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Fig. 6. Signal-line resistance and inductance extractions for Fig. 4. (a) Full return-limited loop inductance representation. Each inductor is coupled in general to
all of the others in the interaction region. (b) Equivalent return-limited inductance representation.

rectangles that have only one neighbor, corner segments (as for
segments D and E), segments connected to vias (as for segments
A and K), and segments associated with external contacts (as for
segments B and C). Naturally, static fracturing seeks to mini-
mize the wire area represented by mixed segments, since induc-
tances are only extracted for horizontal and vertical segments.

Dynamic fracturing is used to create additional fractures in
the signal, ground, and supply wires required for the inductance
calculation. Dynamic fractures must be generated whenever the
interaction environment as defined by the power or ground lines
of the interaction region changes; that is, static fractures in the
ground and supply lines must be projected onto the signal lines.
Additional signal line fractures may sometimes be necessary for
long uniform wire runs to ensure a reasonable approximation
of the distributed nature of the resistance and inductance. (The
fracture between segments 2 and 3 in Fig. 4 might be such a
case.) Also, signal segments cannot span multiple interaction
regions; therefore, new fractures must be created to split seg-
ments between interaction regions. Once all of these signal line
fractures have been defined, these fractures, both static and dy-
namic, must be, in turn, projected onto the parallel adjacent
ground and supply lines. All of the fractures necessary for signal
line extraction are shown in the example of Fig. 4.

The model for each signal segment which results from this
dynamic fracturing is a resistance (dc value for the signal seg-
ment, discussed in detail later in this section) in series with a par-
allel combination of (open) loop inductances, where each loop
inductance is defined by a signal line returning through one of
the return segments defined on the parallel, adjacent supply or
ground lines in the interaction region. We call these inductance
valuesreturn-limited loop inductances. In the example of Fig. 4,
the segment 1 has three loop inductances associated with it as
defined by the current returns through , , and . Seg-
ment 2 has current returns through, , and , while seg-

ments 3 and 4 have current returns through, , and .
Segment 5 returns through and , while segment 6 re-
turns through and . The corresponding circuit represen-
tations for and are shown in Fig. 6(a). The current,
for example, is the current flowing through segment 1 and re-
turning through segment , is the current flowing through
segment 1 and returning through segment, while is the
current flowing through segment 1 and returning through seg-
ment .

We denote the partial inductance matrix by. In terms of
these partial inductances, the return-limited loop inductances for
the vertical segments of Fig. 6(a) are given by

are the matrices of return-limited loop inductances associ-
ated with each signal line segment. For example, as shown in
(2) at the bottom of the next page, where thetilde indices refer
to the power-ground segment (e.g., is the partial self-induc-
tance of segment ).

Both the partial inductance and return-limited loop induc-
tance matrices are symmetric and positive definite. Since the in-
teraction regions do not couple in any way, when ordered appro-
priately, the return-limited loop inductance matrix of the entire
chip is block diagonal, with each block representing the hori-
zontal or vertical signal segments of a single interaction region.
The return-limited loop inductance of one segment is densely
coupled to the return-limited loop inductance of the other seg-
ments in the same interaction region. We note that currents cir-
culating in the inductive loops of Fig. 6(a) correspond to cur-
rent configurations in which the current is flowing through the
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supply and ground lines and not in the signal lines. One can
collapse the circuit of Fig. 6(a) into the circuit of Fig. 6(b) by
ignoring these circulating currents. The inductances in Fig. 6(b)
are thereturn-limited inductances. Let be the number of re-
turn-limited loop inductances in the interaction region, and let

be the number of return-limited inductances in the interaction
region, as determined by the number of signal segments.is
an matrix. We then form the matrix , where the
th column of is all zero except for ones in the rows corre-

sponding to the return-limited loop inductances associated with
the given return-limited inductance. One finds

where and are the currents and voltages as shown in
Fig. 6(a). The return-limited inductance matrix of the interac-
tion region is then given by

The main computational cost here is two LU factorizations, one
of the matrix associated with each horizontal and vertical in-
teraction region and the second to find the final return-limited
inductance matrix for the given interaction region (thema-
trix). If the number of segments in a typical interaction region
is on the order of several thousand, direct LU decomposition is
most efficient. Iterative techniques could, of course, be explored
for larger interaction regions. The return-limited induc-
tance matrix, like the other inductance matrices, is symmetric
and positive-definite.

Simplified partial inductance formulas from Grover [14] are
used to calculate the return-limited loop inductances. We begin
by defining the geometric mean distance (GMD) between two
segments and of cross-sectional areas and . Let and

be the transverse coordinates of a point inand and
be the transverse coordinates of a point in(in this case, the
segments are directed in thedirection). Then the GMD
between and is given by

It also makes sense to define the geometric mean distance
between a segmentand itself. With these definitions, we have
the approximate formulas for the partial self inductance of a
segment of length

(a) (b) (c)

Fig. 7. (a) A core filament of thicknesst and width�. (b) Two wires, one of
width 3� and the other of width2�.

for and in micrometers and in henrys. For the partial
mutual inductance between two segments,and , as shown in
Fig. 8

where , , and . In the case
that the filaments are collinear

Furthermore, if their ends are touching, then

To find the GMD for the various cross sectional geometries
encountered in extraction, we employ a summation technique
[14]. For each metal layer we define a core filament of width

such that we are satisfied expressing every wire width as a
multiple of as shown in Fig. 7. For example, the geometric
mean distance of the whole segment 1 from, is given
by: . Sim-
ilarly, and

. The geometric mean distance of 1 to it-
self is then: .
Similarly, the geometric mean distance between segment 1 and
2 is given by

(2)
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Fig. 8. Two parallel filaments a geometric mean distanced apart. In the case
that the filaments overlap� is negative.

In this way, we only need to develop lookup tables for the geo-
metric mean distance of a core filament to itself and the geo-
metric mean distance between two core filaments on any two
metal layers as a function of distance between them.

Another important assumption of the halo rules is the dis-
carding of mutual inductances between segments which do not
fall in the same interaction region. We consider these assump-
tions in more detail in the example of Fig. 11 in which we con-
sider two signal lines coplanar with two ground returns. We
compare the inductances as calculated by Fasthenry (solid lines)
to the return-limited inductance values (dotted lines) for three
cases. In Fig. 11(b), neither of the shaded ground lines shown in
Fig. 11(a) are present. We show the self and mutual inductances
of the signal lines as a function of the spacing between them.
As we have seen and explained in the previous examples, the
return-limited technique slightly overestimates the inductances.
In Fig. 11(c), we include the shaded ground line m below
the plane of the signal segments shown in Fig. 11(a). In this
case, the halo of this ground line puts and into dif-
ferent interaction regions and means that the return-limited mu-
tual inductance between them is zero. This approximation grows
worse in the case of Fig. 11(d), when the shaded ground line is
instead m below the plane of the signal segments. Modi-
fication of the halo rules might be necessary in these extreme
cases to create “super” interaction regions to preserve some of
these couplings. We show an example of this in Section IV.Be-
cause we ignore the skin effect in calculating the partial induc-
tances, the resistances and return-limited inductances extracted
are frequency independent. We define the cross-over frequency

of a segment as the frequency at which , where
is the resistance of the segment andis the return-limited self
inductance.3 For typical cross-over frequencies, the skin depth
almost always exceeds the wire thickness and width; that is, the
frequency dependence of the resistance occurs at frequencies
above , where the inductive response dominates, and, there-
fore, can be safely ignored in nearly all cases (for
MHz, for example, the skin depth is m for aluminum and

m for copper at 300K). Additionally, we define as
the maximum frequency content of on-chip signals (one can ex-
pect the highest frequency content as determined by the fastest
on-chip slew times to be 50–100 times the clock frequency—10
GHz would be reasonable for a 500-MHz clock frequency). For
segments for which , the inductance of the segment
itself can be ignored entirely as can its inductive coupling to
other segments; that is, inductors need only be extracted where
necessary. In rare cases in which the frequency dependence of
the resistance might be significant for frequencies comparable

3We are using the self-inductance to capture the “worst case” inductance. This
may not be the case if the segment is “too short” and the mutual inductance to
collinear segments is significant.

(a)

Fig. 9. Comparison of return-limited inductance extraction (dashed lines) to
Fasthenry (solid lines) for the geometry of (a) in which a single signal line is
coplanar with two ground returns. (b) Resistance per unit length for the signal
line as a function of frequency. (c) Inductance per unit length as a function of
frequency. (d) Magnitude and phase of the impedance as a function of frequency.
The cross-over frequency,f , is also noted.

to or below , one could consider refining the return-limited
inductance approach to employ a ladder equivalent circuit [29].

As a result of the halo rules, we are restricting the current
returns characterizing the frequency-dependent inductance of
the given segment to same-direction lines within the interac-
tion region. To clarify the approximation associated with this
assumption, we consider a simple two-dimensional example.
As shown in Fig. 9(a), a single signal line is coplanar with two
ground wires where the far ends of the lines are assumed to be
shorted. In Fig. 9(b) and (c), we compare the resistance and in-
ductance of the signal wire as calculated by Fasthenry (solid
curve) to the return-limited extraction result (dashed curve). Be-
cause the return-limited inductance extraction is ignoring the
parallel inductance of the more distant wide-wire return and the
associated skin effect, we systematically overestimate (though
not significantly) the inductance as a result of this halo-rule
approximation. Because the frequency-dependence of the re-
sistance does not occur until frequencies well above[noted
in Fig. 9(d)], we obtain good agreement in the magnitude and
phase of the impedance as shown in Fig. 9(d). We widen the
signal line in Fig. 10 for the same coplanar structure to de-
termine the error associated with a wide signal lines returning
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(a)

Fig. 10. Comparison of return-limited inductance extraction (dashed lines) to
Fasthenry (solid lines) for the geometry of (b) in which a single signal line is
coplanar with two ground returns. (b) Resistance per unit length for the signal
line as a function of frequency. (c) Inductance per unit length as a function of
frequency. (d) Magnitude and phase of the impedance as a function of frequency.

through a narrow ground when a wider ground further away
is available. In Fig. 10(b) and (c), we once again compare the
resistance and inductance of the signal wire as calculated by
Fasthenry (solid curve) to the return-limited extraction result
(dashed curve). As in the previous example, the return-limited
inductance extraction slightly overestimate the self inductance.
As expected, the cross-over frequency is lower, but the strong
frequency-dependence of the resistance still does not occur until
frequencies above . As a result, we still obtain good agreement
in both the magnitude and phase of the impedance shown in
Fig. 10(d). It is important to note that the proximity assumptions
of the halo rules preserve the most problematic inductive cou-
plings in digital designs, for example, the case of wide, simulta-
neous-switching parallel busses without adequate interdigitated
power and ground returns [11].

In the return-limited inductance extraction approach for
signal lines, we have explicitly ignored package and substrate
returns. While it is common to regard the substrate as a ground
equipotential in extracting capacitances, the substrate is elec-
trically far away due to its high resistivity and, therefore, large
skin depth [30]. We, therefore, assume that all ac current returns
will find a path onto metal interconnect, which we assume will
always be electrically closer. Furthermore, the power grid is

Fig. 11. Comparison of return-limited inductance values (dashed lines) to
Fasthenry (solid lines) for a geometry [shown in (a)] in which two signal
lines are coplanar with two ground returns. Fasthenry results are taken at a
frequency of 10 GHz. (b) Inductances as a function of the spacing between
the signal lines in the absence of either shaded ground line.L denotes the
self inductance of the signal lines, whileL denotes the mutual inductance
between the signal lines. (c) Inductance as a function of the spacing between
the signal lines in the presence of the shaded ground line4 �m below the plane
of sig1 andsig2. In this case, the return-limited mutual inductance is zero,
becausesig1 andsig2 lie in different interaction regions. (d) Inductance as a
function of the spacing between the signal lines in the presence of the shaded
ground line10 �m below the plane ofsig1 andsig2.

always accessible from the substrate through plugs. Whether
current returns through the package can be ignored in on-chip
inductance extraction, particular in the context of last metal
interconnect, will depend on the details of the technology. We
have assumed for the purposes of this paper that these returns
(such as those through the mesh plane of a multi-chip module
package) are still electrically “far” away.

IV. RESULTS

To further study the efficiency and accuracy of return-limited
inductance extraction, we have implemented a prototype resis-
tance and inductance extractor which can handle complex 3-D
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(a) (b) (c)

Fig. 12. Technology and power-grid assumptions for the examples. (a) Layer
map for the hypothetical copper process used in the examples of this section.
M5 is 2 �m thick, while the other metal layers are0:9 �m thick. (b) Power and
ground are distributed in a grid spaced100 �m apart vertically and21:6 �m
apart horizontally.V is carried on the M3 lines running horizontally aty =

900; 700; 500; 300, and100 �m. Ground is routed on the remaining M3
horizontal lines. Similarly,V is carried on the M2 and M4 lines running
vertically atx = 21:6; 64:8, and108 �m. Ground is routed on the remaining
alternate M2 and M4 vertical lines. (c) Three different “ideal” power-ground
decoupling assumptions are explored. In theno decouplingcase, we only short
the power and ground distribution at the two black rectangular pins. In the
minimal decouplingcase, we short at the “X” points, while in thecomplete
decouplingcase, we short at all the “O” points.

geometries. The extractor takes a shapes text file input with es-
tablished connectivity, similar in format to the Fasthenry input
file [22]. For the examples presented in this section, we work
with a hypothetical five-level-metal copper process shown in
the layer map of Fig. 12(a). M5 is m thick, while the other
metal layers are - m thick. With this technology, we apply
our extraction tool to the gridded power and ground interconnect
network shown in Fig. 12(b). An image in chosen in which M5
and M3 run horizontally, while M4 and M2 run vertically. As is
consistent with a typical distribution [8], power and ground are
distributed in a grid spaced m apart vertically and m
apart horizontally as shown in Fig. 12(b). is carried on the
M3 lines running horizontally at , and

m. Ground is routed on the remaining M3 horizontal lines.
Similarly, is carried on the M2 and M4 lines running ver-
tically at , and m. Ground is routed on the
remaining alternate M2 and M4 vertical lines. We will explore
extraction results with three different power-ground decoupling
assumptions, shown in Fig. 12(c). In theno decouplingcase, we
only short the power and ground distribution at the two black
rectangular pins. In theminimal decouplingcase, we short at

Fig. 13. (a) A single signal line, beginning at A and ending at B, is routed
within the power and ground distribution network of Fig. 12. Node B is shorted
to the power grid at the far end. We compare the results of Fasthenry to the
return-limited inductance extraction (dashed curves) for the impedance seen
between A and the adjacent near-end power grid. We also assume two different
decoupling assumptions in the Fasthenry calculation. The solid curves use the
complete-decoupling assumption of Fig. 12(c), while the dotted curves use the
no-decoupling assumption of Fig. 12(c). (b) Resistance at the near end as a
function of frequency, (c) inductance at the near end as a function of frequency.
(d) Magnitude and phase of the impedance at the near end as a function of
frequency.

the “X” points noted in Fig. 12(c), while in thecomplete de-
couplingcase, we short at all the “O” points. We choose shorts
rather than capacitors to facilitate straightforward comparison
to Fasthenry.

Fig. 13(a) shows the first extraction example in which a single
wire, beginning at A and ending at B, is routed within the power
and ground distribution network of Fig. 12. Node B is shorted
to the power grid at the far end. Two perspectives are shown, a
top view with dimensions labelled in microns and a 3-D view.
We compare the results of Fasthenry to the return-limited in-
ductance extraction. In Fig. 13(a) and (b), we show the resis-
tance and inductance, respectively, as a function of frequency.
The dashed curve is the return-limited extraction result, the solid
curve is the Fasthenry result under the complete decoupling as-
sumption, while the dotted curve is the Fasthenry result under
the no-decoupling assumption. Note that the inductance from
Fasthenry for the no-decoupling case exceeds the inductance for
the complete-decoupling case at every frequency point. This is
because of the need in the no-decoupling case for more distant
high-frequency current returns. Two competing trends in the ap-
proximation determine the accuracy of the return-limited induc-
tance values. The failure to consider more distant parallel return
paths (which as already described results in a slight overesti-
mating the inductance) is counterbalanced by the discarding of
mutual inductances between segments of the same net that fall
into different interaction regions (which results in a slight un-
derestimating of the inductance). In the example of Fig. 13(a),
the frequency-dependence of the resistance does not become
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Fig. 14. (a) A single signal line, beginning at A and ending at B, is routed
within the power and ground distribution network of Fig. 12. Node B is
shorted to the power grid at the far end and the ideal decoupling assumption
of Fig. 12(c) is applied. We compare the results of Fasthenry (solid curves)
to the return-limited inductance extraction (dashed curves) for the impedance
seen between A and the adjacent near-end power grid. (b) Resistance at
the near end as a function of frequency. (c) Inductance at the near end as
a function of frequency. The dotted curve gives the Fasthenry result for an
enlarged horizontal interaction region to preserve more mutual coupling. The
dashed–dotted curves show the results using the shell sparsification algorithm
on the partial inductance matrix for shell radii of50; 25, and 10 �m. (d)
Magnitude and phase of the impedance at the near end as a function of
frequency.

important until frequencies at which the impedance is domi-
nated by the inductance. As a result, we get good agreement in
the near-end impedance (magnitude and phase) between the re-
turn-limited values and the Fasthenry result assuming complete
decoupling, as shown in Fig. 13(c).

Fig. 14(a) shows another single signal line routed through the
same power and ground distribution, beginning at A and ending
at B. Node B is also shorted to the power grid at the far end. Once
again, we compare the results of Fasthenry (solid curve) to the
return-limited inductance extraction (dashed curve). In this case,
we only show the complete-decoupling-assumption results. In
this case, the return-limited inductance extraction tends to un-
derestimate the inductance more than in the case of Fig. 13. In
this geometry, because of the more distant parallel returns for
the horizontal segments, the discarded forward mutual induc-
tances are more significant. To demonstrate this, we also ran
this example in which we doubled the size of the horizontal in-
teraction regions to include more forward mutual inductances.
The results are shown in the dotted curve in Fig. 14(b). Good ap-
proximation is obtained with the return-limited extraction in the
near-end driving point impedance as shown in Fig. 13(c). Fig. 15
shows a more complex example in which two signal lines, one
beginning at A and ending at D, and the other beginning at C
and ending at B, are routed within the same power and ground
distribution network. Nodes B and D are shorted at the far end to
the power grid and the ideal decoupling assumption is applied.

Fig. 15. (a) Two signal lines, one beginning at A and ending at D and the
other beginning at C and ending at B, are routed within the power and ground
distribution network of Fig. 12. Nodes B and D are shorted at the far end to the
power grid and the ideal decoupling assumption of Fig. 12(c) is applied. We
compare the results of Fasthenry (solid curves) to the return-limited inductance
extraction (dashed curves) for the impedance matrix seen at the ports defined
by A and C and the adjacent near-end power grid. (b) Resistance at the near end
as a function of frequency.R denotes the resistance at portA, R denotes
the resistance at portB, whileR denotes the coupling resistance between the
ports. (c) Inductance at the near end as a function of frequency.L denotes
the inductance at portA, L denotes the inductance at portB, while L
denotes the coupling inductance between the ports. (d) Magnitude and phase
of the impedance at the near end as a function of frequency.Z denotes the
impedance at portA,Z denotes the impedance at portB, whileZ denotes
the coupling impedance between the ports.

TABLE I
NUMBER OF NONZERO ELEMENTS IN THE

INDUCTANCE MATRIX

Full partial inductance extraction is shown as in the result of shell sparsifi-
cation on this matrix. This compares favorably with the number of elements
required in the return-limited inductance extraction. “Very big” indicates that
the number of nonzero elements was too large to even practically count (>50
million).

Once again, we favorably compare the results of Fasthenry to
the return-limited inductance extraction.

In Table I, we compare the number of nonzero elements in
the inductance matrix for the return-limited inductance results
against the full partial inductance extraction and various ap-
plications of the shell sparsification algorithm. The number of
nonzero elements directly translates into the efficiency of sim-
ulation and analysis of the resulting network. The full partial
inductance extraction is shown under two conditions, one in
which is single filament is used to represent each segment and
a second in which each segment cross section is broken into 20
filaments. The Fasthenry results of Figs. 13–15 were calculated
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using the 20-filament decomposition to properly model skin-ef-
fect to 10-GHz. In Fig. 14, we shown the inductance as a func-
tion of frequency (dashed–dotted curves) for each of the shell
approximations. The result at m is far worse than
the return-limited inductance result even through it requires 859
nonzero elements as compared to only 178 for the return-limited
case. Good accuracy is not achieved until m, requiring
over 3000 elements. Furthermore, we have no way of knowinga
priori what value of is required to achieve tolerable accuracy.
The full partial inductance matrix, even with only single fila-
ment decomposition, has more than 80 000 nonzero elements.

V. CONCLUSION AND DIRECTIONS FORFUTURE WORK

In this paper, we have presented an approximate inductance
extraction approach that can be practically applied for full-chip
extraction of complex integrated circuits. The approach results
in a positive-semidefinite inductance matrix and achieves spar-
sity by breaking inductive couplings between the power-ground
lines and signal lines and by using a set of geometry-based
decomposition rules to discard “insignificant” coupling inter-
actions between signal lines and between power and ground
lines. By taking advantage of the fail-safe availability of
power-ground lines as high-frequency current returns while
preserving inductive coupling between signal lines, we have
demonstrated remarkable efficiency and accuracy over other
sparsification techniques.

We plan to combine this technique with capacitance extrac-
tion to produce a true full-chip RLC extraction environment. As
part of this work, further refinement of the shadow rules may be
necessary to achieve maximum accuracy for minimum loss of
efficiency. A much closer interaction with layout will also be re-
quired in analysis and extraction in order to understand current
distributions in the substrate and how this might effect intercon-
nect response in some cases.

REFERENCES

[1] K. L. Shepard, V. Narayanan, P. C. Elmendorf, and G. Zheng, “Global
harmony: Coupled noise analysis for full-chipRC interconnect net-
works,” in Proc. IEEE Int. Conf. Computer-Aided Design, 1997, pp.
139–146.

[2] H. H. Chen, “Minimizing chip-level simultaneous switching noise for
high-performance microprocessor design,” inProc. IEEE Int. Symp.
Circuits and Systems, vol. 4, 1996, pp. 544–547.

[3] P. J. Dorweiler, F. E. Moore, D. Josephson, and G. T. Colon-Bonet, “De-
sign methodologies and circuit design trade-offs for the HP PA 8000
processor,”Hewlett-Packard J., Aug. 1997.

[4] H. B. Bakoglu, Circuits, Interconnects, and Packaging for
VLSI. Reading, MA: Addison-Wesley, 1990.

[5] A. Deutsch, G. V. Kopcsay, C. W. Surovic, B. J. Rubin, L. M. Terman
Jr., R. P. Dunne, T. A. Gallo, and R. H. Dennard, “Modelling and char-
acterization of long on-chip interconnections for high-performance mi-
croprocessors,”IBM J. Res. Develop., vol. 39, no. 5, pp. 547–567, 1995.

[6] A. Deutsch, G. V. Kopcsay, P. J. Restle, H. H. Smith, G. Katopis, W.
D. Becker, P. W. Coteus, C. W. Surovic, B. J. Rubin Jr., R. P. Dunne, T.
Gallo, K. A. Jenkins, L. M. Terman, R. H. Dennard, G. A. Sai-Halasz, B.
L. Krauter, and D. R. Knebel, “When are transmission-line effects im-
portant for on-chip interconnections,”IEEE Trans. Microwave Theory
Tech., vol. 45, pp. 1836–1846, Oct. 1997.

[7] P. J. Restle, K. A. Jenkins, A. Deutsch, and P. W. Cook, “Measurement
and modeling of on-chip transmission line effects in a 400 MHz mi-
croprocessor,”IEEE J. Solid-State Circuits, vol. 33, pp. 662–665, Apr.
1998.

[8] K. L. Shepard, S. Carey, E. Cho, B. Curran, R. Hatch, D. Hoffman,
S. McCabe, G. Northrop, and R. Seigler, “Design methodology for the
G4 S/390 Microprocessors,”IBM J. Res. Develop., vol. 21, no. 4/5, pp.
515–548, 1997.

[9] C. F. Webb, C. J. Anderson, L. Sigal, K. Shepard, J. S. Liptay, J. D.
Warnock, B. Curran, B. W. Krumm, M. D. Mayo, P. J. Camporese, E.
M. Schwarz, M. S. Farrell, P. J. Restle, R. M. Averill, T. J. Slegel, W.
V. Huott, Y. H. Chan, B. Wile, P. G. Emma, D. K. Beece, C. T. Chuang,
and C. Price, “A 350 MHz S/390 microprocessor,” inProc. 1997 Int.
Solid-State Circuits Conf., 1997, pp. 1665–1675.

[10] C. F. Webb, C. J. Anderson, L. Sigal, K. L. Shepard, J. S. Liptay, J. D.
Warnock, T. J. Slegel, W. V. Huott, Y. H. Chan, B. Wile, T. N. Nguyen, P.
G. Emma, D. K. Beece, C.-T. Chuang, and C. Price, “A 400-MHz S/390
microprocessor,”IEEE J. Solid-State Circuits, vol. 32, pp. 1665–1675,
Nov. 1997.

[11] D. A. Priore, “Inductance on silicon for sub-micron CMOS VLSI,” in
Proc. IEEE Symp. VLSI Circuits, 1993, pp. 17–18.

[12] B. A. Giesekeet al., “A 600 MHz superscalar RISC microprocessor with
out-of-order execution,” inProc. Int. Conf. Solid-State Circuits, 1997,
pp. 176–177.

[13] E. B. Rosa, “The self and mutual inductance of linear conductors,”Bul-
letin of the National Bureau of Standards, vol. 4, pp. 301–344, 1908.

[14] F. Grover, Inductance Calculations: Working Formulas and Ta-
bles. New York: Dover, 1962.

[15] A. E. Ruehli, “Inductance calculations in a complex integrated circuit
environment,”IBM J. Res. Develop., vol. 16, no. 5, pp. 470–481, 1972.

[16] , “Equivalent circuit models for three-dimensional multiconductor
systems,”IEEE Trans. Microwave Theory Tech., vol. MTT-22, pp.
216–221, Mar. 1974.

[17] A. E. Ruehli, N. Kulasza, and J. Pivnichny, “Inductance of nonstraight
conductos close to a ground return plane,”IEEE Trans. Microwave
Theory Tech., vol. MTT-22, pp. 706–708, Aug. 1975.

[18] P. Feldmann and R. W. Freund, “Efficient linear circuit analysis by Padé
approximation via the Lanczos process,”IEEE Trans. Computer-Aided
Design, vol. 14, pp. 639–649, May 1995.

[19] L. M. Silveira, M. Kamon, I. M. Elfadel, and J. White, “Coordi-
nate-transformed Arnoldi for generating guranteed stable reduced-order
models for RLC circuits,” in Proc. IEEE/ACM Int. Conf. Com-
puter-Aided Design, San Jose, CA, Nov. 1996, pp. 288–294.

[20] K. L. Shepard, “Practical issues of interconnect analysis in deep submi-
cron integrated circuits,” inProc. Int. Conf. Computer Design, 1997, pp.
532–541.

[21] W. T. Weeks, L. L. Wu, M. F. McAllister, and A. Singh, “Resistive and
inductive skin effects in rectangular conductors,”IBM J. Res. Develop.,
vol. 23, no. 6, pp. 652–660, 1979.

[22] M. Kamon, M. J. Tsuk, and J. White, “FastHenry, a multipole-acceler-
ated 3-D inductance extraction program,” inProc. 30th ACM/IEEE De-
sign Automation Conf., Dallas, TX, June 1993, pp. 678–683.

[23] M. Kamon, M. J. Tsuk, and J. K. White, “FASTHENRY: A multipole-ac-
celerated 3-D inductance extraction program,”IEEE Trans. Microwave
Theory and Tech., vol. 42, pp. 1750–1758, Sept. 1994.

[24] Z. He, M. Celik, and L. Pileggi, “SPIE: Sparse partial inductance extrac-
tion,” in Proc. 34th Design Automation Conf., Anaheim, CA, June 1997,
pp. 137–140.

[25] B. Krauter and L. T. Pileggi, “Generating sparse partial inductance ma-
trices with guaranteed stability,” inProc. Int. Conf. Computer-Aided De-
sign, 1995, pp. 45–52.

[26] M. Kaman, B. Krauter, J. Phillips, L. T. Pileggi, and J. White, “Two op-
timizations to accelerated method-of-moments algorithms for signal in-
tegrity analysis of complicated 3-D packages,” inProc. IEEE 4th Topical
Meeting on Electrical Performance of Electronic Packaging, Portland,
OR, Oct. 1995, pp. 213–216.

[27] Z. He and L. T. Pileggi, “A simple algorithm for calculating frequency-
dependent inductance bounds,” inProc. IEEE Custom Integrated Cir-
cuits Conf., 1998, pp. 199–202.

[28] P. H. Xiao, E. Charbon, A. Sangiovanni-Vincentelli, T. van Duzer, and
S. R. Whitely, “INDEX: An inductane extractor for superconducting cir-
cuits,” IEEE Trans. Appl. Superconduct., vol. 3, pp. 2629–2632, Mar.
1993.

[29] B. Krauter and S. Mehrotra, “Layout based frequency dependent induc-
tance and resistance extraction for on-chip interconnect timing anal-
ysis,” in Proc. 35th ACM/IEEE Design Automation Conf., 1998, pp.
303–308.

[30] H. Hasegawa, M. Furukawa, and H. Yanai, “Properties of microstrip
line on Si-SiO system,” IEEE Trans. Microwave Theory Tech., vol.
MTT-19, pp. 869–881, Nov. 1971.



436 IEEE TRANSACTIONS ON COMPUTER AIDED DESIGN OF INTEGRATED CIRCUITS AND SYSTEMS, VOL. 19, NO. 4, APRIL 2000

Kenneth L. Shepard (S’85–M’81) received the B.S.E. degree from Princeton
University, Princeton, NJ, in 1987 and the M.S. and Ph.D. degrees in electrical
engineering from Stanford University, Stanford, CA, in 1988 and 1992, respec-
tively.

From 1992 to 1997, he was a Research Staff Member and Manager in the
VLSI Design Department at the IBM T. J. Watson Research Center, Yorktown
Heights, NY, where he was responsible for the design methodology for IBM’s
G4 S/390 microprocessors. Since 1997, he has been at Columbia University,
New York, where he is now an Associate Professor. He also serves as Chief
Technology Officer of CadMOS Design Technology, San Jose, CA.

Dr. Shepard received the Fannie and John Hertz Foundation Doctoral Thesis
Prize in 1992. At IBM, he received Research Division Awards in 1995 and 1998.
He was also the recipient of an NSF CAREER Award in 1998 and IBM Early
Faculty Development Awards in 1998 and 1999. He was also awarded the 1999
Distinguished Faculty Teaching Award from the Columbia Engineering School
Alumni Association. He is Associate Editor of IEEE TRANSACTIONS ONVERY

LARGE SCALE INTEGRATION (VLSI) SYSTEMS and is a program track chair for
the International Conference on Computer Design.

Zhong Tian received the M.S. degree from Southeast University, Nanjing,
Ching, in 1993, and the B. S. degree from University of Electronic Science
and Technology, Chengdu, China, in 1990, both in electrical engineering. He is
currently a Professional degree candidate at Columbia University, New York,
specializing in VLSI design and CAD.


